MATHIO10 Revision Exercise 2 ( twth Sowvme (oryrestions )

1. Compute the first derivative of each of the functions below:

9

(a) arctan(x + 1) (b)  aresin(z?) (¢) waresin(2w) (d)  (arcsin(x))

(¢) arctan(z) () arctan(2:z) (g) arctan(ln(x)) (h)  aresin(v1 — a2)

:r

dy

. for the function y implicitly defined by the relation:
dx

2. For each of the relations below, find

(a) z=4dy—19°3 by z=y-— % () x=(3y+2)1"° (d) z=@-y)(3+1y?)

' 1 .
(e) =y %sin(y) (f) == Z i 5 (g) z2+y’=4 (h) 22+y?—-32x+1=0

(i) 4y +a2y—622=0 G) 22 +y?-3zy=1 (k)  x%sin(y) —ycos(x) = 2
(1)  cos(y) +y? sin(z) = 0
3. Let n be a positive integer. Let f(x) = (1 — 2%)" for any = € R.
(a) Show that (1 — 22)f'(x) + 2nz f(x) = 0 for any = € R.
(b) Show that (1 —z2)f"+2)(z) — (2»;%\—/1“):1"7"("*‘”(1') +nf==T1) 0 (2) = 0 for any z € R.

—(n-2)n.
4. Let f(x) =e"In(l +x) for any « € (-1, +0). » eabl”.

(a) Show that (14 2)f"(x) — (L+27)f'(z) + xf(z) = 0 for any = € (-1, +00).
Wil )
(b) Let n be a non-negative integer. Show that (14 z) "+ () + (n — 22) fO*+2(x) + (z — 2n — 2) f(z) + (n +

l)f(”)(:x:) =0 for any = € R.

In(z + V1 + 22
5. Let f(x) = H(LTI—-F_*;L) for any = € R.
22

(a) Show that (1+22)f'(z) + 2 f(x) =1 for any = € R.

(b) Let n be a non-negative integer. Show that (1 4+ 22)f+2 (z) + (2n + 3w fO+D(2) + (n +1)2 ) (z) = 0 for
any « € RR. ZavesmX

TT-xe

6. Let f(x) = (areshr(z))> for any x € (—1,1).
(a) Show that (1 —22)f'(z) — zf(x) = 2 for any = € R.
(b) Let n be a positive integer. Show that (1 — z2)f"*2)(2) — @a=+Tzf" D (z) — @2 F(x) = 0 for any

x € R. 21+ 3 Conti)

7. Let f:[3,6] — R be a continuous function. Suppose f is differentiable on (3,6), and |f'(z) — 9] < 3 on (3,6).
Show that 18 < f(6) — f(3) < 36.

8. Let B € (1,+2c). Let f:(0,4+0oc) — R be the function defined by f(z) = 2% + 8 — 1 — Bz for any z € (0, +oc).

(a) i. Compute f’.
ii. Show that f is strictly decreasing on (0,1].
iii. Show that f is strictly increasing on [1, +00).
iv. Determine whether f attains the maximum and/or the minimum on (0, +o0).

(b) Hence. or otherwise, show that (1 +7)? > 1+ 8r for any € (—1.+2c).

9. Prove the following inequalities:

T .
(a) 5 < arctan(z) < z for any x € (0, +x).
1+ 2°



, < L for anv x € (0), +oc).
24w 12 ) ( )

(h)y  0<In(l+a)—

2

10. (a) Prove that 1 — % < cos(x) for any x € (0. 27].

5 i
T ,
(b) Prove that cos(z) < 1— = ;—4 for any » € (0,27}
2 g2 pd
(¢) Prove that 1 — T <cos(z) <1— 7 + )—4 for any @ € (2w, +o0).
22 22 ol
(d) Prove that 1 — - < cos(z) < 1— 5 ¥ for any @ € R\{0}.

11. Apply L'Hoépital’s Rule to evaluate each of the limits below.

@+ tan(z % — g% arctan(x 2T 1
(a) lim w (b) lim (4( (¢) lim Seatan(z) (d) lim S
=0 sin(2x) z—=0 sin(x) x—0 @ =0 2In(l + z)
. x>+ 3z44 .z —sin(x) 4 , ¥ —p T 9 , el g
() Ih—% 3x3+5 (f) :h-l-}%) 223 (2) 111—13) @ — sin(z) (b) :h—l}l] (x —1)2
24 cos(z) — 24 — 1222 + z* ; @ tan(x In(e® + x>
(i) lim cos(z) - e (j)  lim Ll(r) (k) lim &2_1)
x—0 sin ('L) ) =01 — /1 — 22 r—+o0 T
1+ In(x) —a® In(x))® In(1 + ze?®
() lim & (m) lim (”f')) (n) lim -i(#)
e=1 1+ In(z) —x 20 o x40 sin®(x)
O In(sin(aax o @
(1) lim M (Here #1, 71 ave positive real numbers.)
x—0+ In(sin(Bx))

12. Evaluate each of the limits below. When necessary. apply L'Hopital’s Rule.

(a) lim 22e(=27%) (b) lim sin(x) In(z) (¢) lim @ cse(2) (d)  lim = [(1 -+ l) - (,}

r—07 a—0+ =0+ &—+00

13. Evaluate each of the limits below. When necessary, apply L'Hopital's Rule.

Q iy
() lim (l - ;> () lim <('5(:2(.r) - %)

r—=01 \ & arctan(z) =507

® o, ((1&;)2 B (111(.17,-))2) o e <""t<’“) ‘%)

14. Evaluate each of the limits below. When necessary, apply L'Hopital's Rule.
@ et 0 Emem® @ m (m(2) @ am (1-1)
a 1 r= D m T . > 1T ] — _ =
oo - T e O VST

_ A _ 3\° . r+1\7 _ 2 41\
(€) 12&;(”;) @ I, (Hrz) (&) Lnx(_l) W Am (ﬂ_l)

2 —-2¢-3\" . 1
i li —_— 5 s an(: cos(.r) . sin(z)) 2
(i) o <;L,-_7_ —8m— 28) ) 1_1_1)1%1_ (tan(x)) (k) 11.1_1"1})1(1 + sin(z))
(1)  lim (1+ Sillg(.’l?))% (m) lim = (n)  lim (1 - cog(a-))lu(;:m
=0+ r—1t =0+
. = . .3
(0) lim (cos(n:))I“(Si“(‘T)) (p) lim (%) ' (@) lim <sm(1)> :
TG =0 T r—0 T

15. Evaluate the each of the limits below. Think carefully whether to apply L'Hopital's Rule or not.

x4+ sin(x >t asin(a os(@ a? + sin(2x
(a) lim — 20 L S?H( 2 (b) lim * : -5111( £) +-cosiz) (¢) lim ! + %1.11( v) -
r=+0 2 — sin(z) oo e + cos(x) x—+too (223 + x + sin(x))esin(x)



